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Abstract

Risk aversion is one of the main themes in risk theory. Risk theory is treated
usually by probability theory. The aim of this paper is to propose an approach of
the risk aversion by possibility theory initiated by Zadeh in 1978 as an alternative
of probability theory in the modeling of uncertain situations. The main notions
studied in this paper are the possibilistic risk premium and the possibilistic relative
risk premium associated with a fuzzy number A and a utility function w. They
reflect the risk aversion of an agent faced with an uncertain situation characterized
by a fuzzy number. Under the hypothesis that the utility function u verifies certain
hypotheses, one proves a formula which evaluates the possibilistic risk premium
and the possibilistic relative risk premium in terms of Arrow-Pratt index and
two possibilistic indicators ( the expected value and a strong variance of a fuzzy
number). Another result is possibilistic Pratt theorem for comparing the risk
aversion of two agents ( represented by two utility functions u; and ug).

Keywords: risk aversion, risk premium, possibility theory

1 Introduction

Risk theory is developed traditionally in the context of probability theory. It can
be successfully applied in case of events which occur with big frequency. The
evaluations and forecastings realized with probabilistic risk are efficient when we
have a sufficiently large set of data.
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Possibility theory initiated by Zadeh in [24] is an alternative to probability
theory in the treatment of uncertainty. It treats those situations of uncertainty in
which the events do not occur a large number of times and therefore the information
is not extracted from a large volume of data. The development of possibility theory
is due to a large number of authors, especially to Dubois and Prade [9]. It has
been successfully applied in decision making problems in conditions of uncertainty
[3], in fuzzy cooperative games [20], fuzzy neural networks [12], etc.

Possibility theory is based on new concepts such as possibility measure, neces-
sity measure, possibilistic distributions, etc. Traditionally, possibilistic distribu-
tions are interpreted as fuzzy sets.

The transition from the probabilistic models to possibilistic models assumes in
general two steps:

—instead of random variables there are taken possibilistic distributions;

—the classical concepts related to random variables (mean, variance, covariance,
etc.) should be replaced with appropriate possibilistic concepts.

Fuzzy numbers represent an important class of possibilistic distributions. They
generalize the real numbers and by Zadeh’s extension principle [25] the operations
with real numbers are extended to fuzzy numbers [8]. The operations with fuzzy
numbers have good arithmetical properties [8].

Among the possibilistic indicators, the mean value and the variance play a
central role. The elaboration of the expected utility theory (=EU theory), in
particular the probabilistic risk theory [22] is based on them.

The definition and the study of the notions of mean value and variance in a
possibilistic context have been tackled by several authors. One of the first con-
tributions in this direction was the introduction by Dubois and Prade in [8] of
the interval-valued expectation of a fuzzy number. In [4] Carlsson and Fullér have
defined the mean value F(A) of a fuzzy number A and in [11] Fullér and Majlender
have defined the weighted possibilistic mean Ef(A) of A. At the same time with
the mean value, in these papers there has been introduced the corresponding no-
tion of possibilistic variance: Var(A) in [4] and Var¢(A) in [11]. These indicators
of fuzzy numbers have a good mathematical theory, which led to their application
in multicriterial decision making problems, finance theory, strategic investment
planning etc. (see [3], [19]).

Besides these, there exist other approaches of the mean value and variance in
closely related context. Paper [18] proposes a definition of the expected value of a
fuzzy variable based on the possibilistic notion of credibility measure. The authors
apply this expected value in the study of so—called fuzzy expected value models
([18], p. 447). In [6] there was introduced the variance of a fuzzy random variable
as a real interval, while paper [9] deals with the computation of the empirical
variance of a set of fuzzy intervals. Paper [16] contains a discussion of faster



algorithms for computing mean and variance under Dempster-Shafer uncertainty.

Risk aversion is a concept related to the behaviour of consumers and investors
under uncertainty. A person can have different attitudes towards risk: risk averse,
risk neutral, risk seeking or risk loving. The option of an agent in a decision making
problem is influenced by the attitude towards risk. Risk aversion is studied with
probabilistic methods in EU-theory (see [17], [22]). The notion of (probabilistic)
risk premium measures the aversion. Fundamental contributions in the study of
the risk premium have been realized by Arrow [1] and Pratt [21]. They have been
the first ones who evaluated the risk aversion by the coefficients of absolute and
relative risk aversion.

This paper intends to study the risk aversion of an agent with respect to the
situation of uncertainty described by a fuzzy number. The attitude of the agent is
described by an utility function.The framework in which we treat risk aversion has
three components: a fuzzy number, a utility function and a weighting function.

The main notions studied in this paper are the possibilistic risk premium and
the possibilistic relative risk premium. They measure the risk aversion in situations
of possibilistic uncertainty.

The paper is organized as follows:

Section 2 presents some elementary definitions on fuzzy numbers.

In Section 3 we recall some basic concepts in the possibility theory:possibility
measure, necessity measure, possibilistic distributions, etc.

Section 4 is dedicated to the expected value E¢(A) associated with a fuzzy
number and a weighting function f( see [4], [11]. For a utility function g the
possibilistic expected utility Ef(g(A)) is introduced (see [4], [11]). This can be
a first step in a possibilistic EU-theory. We prove some propositions on the
possibilistic expected utility E¢(g(A)).

Section 5 deals with two notions of variance associated with a fuzzy number A
and a weighting function f : the possibilistic variance Var¢(A) introduced in [11]
and the strong possibilistic variance Var}(A) . The second indicator is distinct
from Vars(A) and will be used in next section in evaluating the possibilistic risk
aversion. Two formulae which express Var}(A) in function of Ef(A) and Vary(A)
are proved.

Section 6 contains the main contribution of this paper. The possibilistic risk
premium and the possibilistic relative risk premium are defined as measures of
risk aversion of an agent w.r.t. a situation of possibilistic uncertainty described
by a fuzzy number. These two possibilistic indicators are introduced by identities
similar to the ones corresponding probabilistic indicators. The difference consist in
the evaluations present in the terms of identities: in the probabilistic case the usual
expected utility ([17], [12]) is used, while in the possibilistic case the possibilistic
expected utility introduced in Section 4 is used. The main results of this section



(Propositions 6.3 and 6.5) give us formulae by which the possibilistic risk premium
and the possibilistic relative risk premium are expressed which respect to Ef(A),
Var}(A) and the Pratt index of the utility function.

In Section 7, Var}i(A) and the two possibilistic indicators of risk aversion in
the case of trapezoidal fuzzy numbers are calculated.

Section 8 contains a Pratt-type theorem [21]. This result shows that the
comparison of the risk aversions of two agents represented by two utility functions
u1 and wue is equivalent with the comparison of the Arrow-Pratt indices of uq, us.

The paper conclude with a section of concluding remarks in which there are
presented open problems and directions of future researches.

2 Fuzzy numbers

We consider a non—empty subset X as the universe of discourse. The elements of X
can be interpreted as individuals, states, attributes, alternatives, etc. A subset of
X will be called cris set. The membership of elements of X to A can be expressed
by the characteristic function x4 of A: x € A iff x4(z) = 1.

Starting from this fact Zadeh introduced in [25] the notion of fuzzy set. A
fuzzy subset A of X is a function A : X — [0,1]. For any element x € X, the
real number A(z) represents the degree of membership of x to A. By fuzzy set we
understand a fuzzy subset of X.

Usually crisp sets are identified with their characteristic functions; in this way,
crisp sets are particular cases of fuzzy sets. We denote by P(X) the family of crisp
subsets of X and by F(X) the family of fuzzy subsets of X. Then P(X) C F(X).

A fuzzy set is normal if A(z) =1 for some x € X. If A € F(X) then the crisp
set supp(A) = {x € X|A(x) > 0} is called the support of A.

We consider now that X = R. For any v € [0, 1], the y—level set [A]” of A
is defined by: [A]” = {z € X|A(x) >~} if v > 0 and [A]" = cl(supp(A)) where
cl(supp(A)) is the closure of supp(A).

A fuzzy subset A of R is convex if [A]” is a convex subset of R for each v € [0, 1].
A fuzzy number is a normal, convex and upper semi—continuous fuzzy subset A
of R. For a fuzzy number A, [A]7 is a compact and convex subset of R for all
v € [0,1]. A fuzzy number is a normal, convex and upper semi—continuous fuzzy
subset A of R. For a fuzzy number A, [A]” is a compact and convex subset of R
for all v € [0, 1].

If we denote ai(y) = min[A]?, az(y) = max[A]”?, then [A]Y = [a1(7), az(y)] for
all v € [0, 1].

Fuzzy numbers are generalizations of real numbers. By using Zadeh’s extension
principle [25] the operations with real numbers can be extended to fuzzy numbers



(see [8], [9])
A triangular fuzzy number with center a is a fuzzy number A of the form

1—% if a—a<z<a
A(x) = 1-%55% if a<zr<a+p
0 otherwise

The triangular fuzzy number A of this form will be denoted A = (a, o, ). We
can prove that [A]Y = [A — (1 —y)a,a + (1 — ~)f] for any v € [0, 1].
A trapezoidal fuzzy number with tolerance interval [a,b] is defined by

1—% if a—a<zxr<a
1 if a<x<b
Alz) = 1— 23 if b<z<b+p
0 otherwise

In this case we denote A = (a,b,«,3). We can prove that [A]Y = [a — (1 —
Y)a, b+ (1 —)s] for any v € [0, 1].

The triangular number A = (a, «, 3) is a context—dependent description of the
fuzzy property ”x is approximately equal to a”, where o and (3 define the context.
Similarly, the trapezoidal number A = (a,b, «, 3) gives a context—dependent de-
scription of the fuzzy assertion ”x is approximately in the interval [0, 1]”, where «
and [ define the context (see [19], p. 26 and 27).

3 Possibilistic distributions

Probability theory is the traditional mathematical instrument with which uncer-
tain phenomena are studied. When we talk about events with little frequency or
when we do not dispose of a database sufficiently large the probabilistic modeling
of uncertainty does not hold any more. In such situations we use the possibility
theory of Zadeh [25].

The development of possibility theory was achieved in a big measure by an
analogy with probability theory:

e probabilistic concepts have been replaced with possibilistic concepts;

e probabilistic results have been converted into possibilistic results (for this
the translation in possibilistic terms of some proofs from probability theory has
been tried).

Possibility measure and necessity measure are fundamental concepts in possi-
bility theory. They represent for possibility theory what the notion of probabilistic
measure means for probability theory.

Let X be a non—empty set. A possibility measure on X is a function II :
P(X) — [0,1] such that the following conditions are verified:

(P1) TI(0) = 0; TI(X) = 1;



U D;) = supII(D;) for any family {D;};cs of subsets of X.
1€l el

A necessity measure on X is a function N : P(X) — [0,1] such that the
following conditions are verified:
(Nl) N(@) =0; N(X) =1;
ﬂ D;) mfN (D;) for any family {D;};er of subsets of X.

el
Let II (resp. N) be a possibility measure (resp. a necessity measure) on X.

Let us consider the functions:
I"ee . P(X) — [0,1]; NP5 : P(X) — [0, 1]
defined by
nme¢(D) =1—-1I(X — D) for any D C X;
NPS(D)=1— N(X — D) for any D C X.

Proposition 3.1 [18/
(i) TI™¢ is a necessity measure on X ;
(i) NP° is a possibility measure on X ;
(#i3) (II"€)Pos =TI and (NPoS)"e¢ = N.

Remark 3.2 Proposition 3.1 shows that each necessity measure N s uniquely
determined by the possibility measure NP and viceversa, each possibility measure
II is uniquely determined by the necessity measure ITP°5. Accordingly, it suffices to
use only the notion of possibility measure.

Probability theory studies random variables which together with their indica-
tors (mean value, variance, covariance etc. ) describe uncertain situations. In
possibility theory, the place of random variables is taken by possibilistic distribu-
tions.

A possibility distribution on the set is a function g : X — [0,1] such that

sup p(x) = 1; p is said to be normalized if p(z) = 1 for some x € X.
zeX
The notion of possibility distribution is tightly connected with that of possi-

bility measure. Now we specify the way the two entities (possibility measure and
possibility distribution) determine one another.

Let II be a possibility measure on X and p a possibility distribution on X. Let
us consider the functions

pr 2 X — [0,1], Pos, : P(X) — [0,1]

defined by

pr(z) = ({z}) for any x € X

Pos, (D) = sup p(z) for any D € P(X).
xzeD



Proposition 3.3 (i) u is a possibility distribution on X ;
(11) Pos, is a possibility measure on X ;

(iii) prpos, = p and Pos,; = IL.

Let pu be a possibility distribution on X and pyy its possibility measure. Then
one can consider the following necessity measure Nec,, : P(X) — [0,1]:
Nec, (D) =1— Pos, (X — D) =1—sup u(D)
€D

In this paper we will work only with possibilistic distributions defined on R.
Fuzzy numbers represent the most important class of possibilistic distributions on
R.

4 Possibilistic expected value

We already mentioned in the previous section that in possibility theory, the place
of random variables is taken by possibilistic distributions. A crucial problem is to
define some possibilistic notions corresponding to the known possibilistic indicators
(mean value, variance, covariance, etc.)

In a certain measure for fuzzy numbers this desideratum has been achieved in
a series of papers of Carlsson et al. ([3], [4], [5], [11], [12], [19]). The approaches
of these authors is based on the observation that the y-level sets [A]” of a fuzzy
number A can be written as intervals [A]Y = [a1(7), a2(7)] for all v € [0, 1].

The notion of possibilistic mean value of a fuzzy number A was introduced by
Carlsson et al. in [3] and has been generalized in [11] by the notion of expected
value of A w.r.t a weighting function f.

A function f : [0, 1] — R is a weighting function if it is non—negative, monotone
increasing and verifies the normality condition fol f(z)dx = 1.

We fix a weighting function f and a fuzzy number A such that [A]Y = [a1(7), a2(7)]
for all v € [0, 1].

The expected value of A w.r.t. f is defined by

(1) Bp(A) = [y 20320) £(3)dy

If f(y) = 27 for all v € [0, 1] then E¢(A) is exactly the possibilistic mean value
introduced in [3].

As seen, the definition of Et(A) is based on the representation of [A]” as an
interval [a1(7),a2(v)] for all v € [0,1].

For any ~ € [0,1] we denote by X, the uniform distribution corresponding to
the interval [a1(7Y), a2(7y)]. Xy is a random variable whose density p(z) has the
following expression



m if x € lai(y), a2(7)]

o) 0 i o ¢ fa1(7), aa()
A s1mp1e calculatlon shows that
fo 7)dy

where E(X, ) is the mean value of X, (see [15]).

If X is a random variable and ¢ : R — R is a continuous function then
g(X) is a random variable, hence we can consider the expected value E(g(X)) of
g(X). Function g can be considered a utility function and then E(g(X)) means
the expected utility of X w.r.t. g [15].

We pose the question which is the possibilistic correspondent of the expected
utility E(g(X)): for a fuzzy number A, who is E¢(g(A))?

If g: R — R is a continuous function and A a fuzzy number, then g(A) is
a fuzzy subset of R defined by Zadeh’s extension principle [25]: for any y € R,
g(A)(y) will be given by

sup A(z) if x € [a1(y),a2(7)]
9(A)(y) = {

g9(z)=y
0 if ¢ aiy),a2(v)]

In general, g(A) is not a fuzzy number, therefore E¢(g(A)) cannot be defined
by formula (1). In [13] the following definition of E¢(g(A)) has been proposed:

(2) Br(9(A) = fy lormriary J20) g@)da] f(7)dy

If g(x) = x for any x € R then we find formula (1). In interpretation, F¢(g(A))
means the possibilistic expected utility of the fuzzy number A w.r.t. the utility
function g.

In the following we will establish some properties of Ef(g(A)).

Proposition 4.1 Let A be a fuzzy number, g : R — R, h: R — R two continuous
functions and a,b € R. We consider the continuous function u : R — R defined
by u(z) = ag(z) + bh(x) for any x € R. Then

Ef(u(A)) = aE(g(A)) + bEs(h(A)).

Proof According to (2) one gets

fo TOTC ot Jait) u(@)dalf )y =
—afo e S g(w)dal £ (y )d7+
+b J3 lzmra f‘” O h(@)) £ () dy
— aEy(g(A) + bE;(h(4) B

Corollary 4.2 Let A be a fuzzy number, g : R — R a continuous function and
a,beR. Ifu=ag+bthen Ef(u(A)) =aEs(g(A)) +b



Lemma 4.3 Let g : R — R, h: R — R be two continuous functions. If g < h
then Ef(g(A)) < E¢(h(A)).

Proof. Assume g < h. Then, for any v € [0, 1], we have
faalz((’yv)) (z)dz < fa2(7) (z)dz.
Since a1(y) < ag( ) and f >0, the following inequality holds:

oy St g(@)dal () < [ty Jo20) ) da ()
for each € [0,1]. By taking into account (2), one obtains Ef(g(A4)) <
Ef(h(A)).

The following result is a possibilistic version of the probabilistic Jensen in-
equality. Its proof will be an adaptation of the proof in [15], p. 201, but it will use
the properties of the possibilistic expected value.

Proposition 4.4 If the function g : R — R is conver and continuous, then
9(Ef(A)) < Ef(g(A)).

Proof. From the real analysis we know that if g is convex then there exist two
sequences of real numbers (a,) and (by,) such that
(a) g(x) = sup(anx + by,), for any = € R.

Let n € N. Then a,x + b, < g(x) for any z € R. By Lemma 4.3 we get
Er(anA+bn) < Ef(g(A)).

Applying Proposition 4.1, E¢(an,A + by) = anEf(A) + by, hence

(b) anE¢(A) + by < Ef(g(A)) for all n € N.

From (a) and (b) it follows

9(E7(A)) = sup, (anEy(4) + by) < Ey(g(4)). B

Corollary 4.5 Ifthe function g : R — R is concave and continuous then g(E¢(A)) >
Er(g(A)).

Proof. It follows from Proposition 4.4 and from the fact that g is concave iff
—g is convexe. i

5 Two possibilistic notions of variance

If X is a random variable and E(X) is its expected value then the variance Var(X)
of X has the following form:



(1) Var(X) = B[(X — B(X))?]

We consider the problem of defining a corresponding notion of variance for
possibilistic distributions. In this section we shall discuss two modes of introducing
the variance for fuzzy numbers.

We fix a weighting function f and a fuzzy number A. We assume that [A]Y =
[a1(7), a2(7)] for any v € [0,1].

The first way of defining the possibilistic variance of A uses the form of
(probabilistic) variance corresponding to the uniform distribution of the intervals
[a1(7),a2(7)], v € [0,1]. We denote by X, the uniform distribution of the interval
[a1(7), az()] for any v € [0, 1].

According to [11], [19] the (possibilistic) variance Vars(A) of A with respect
to f has the following form

(2) Vary(A) = fol Var(Xy)f(y)dy

— fol (aQ(W)Igl(V))Qf(’y)d’y

If f(v) = 2 then one obtains the notion of crisp possibilistic variance intro-
duced by Carlsson and Fullér in [3].

The second way of defining the variance of a fuzzy number starts from the form
(1) of the probabilistic variance. We consider the continuous function g : R — R
given by g(z) = (z — Ef(A))? for any z € R. The strong (possibilistic) variance
Vari(A) of Aw..t. fis defined by

(3) Vari(A) = Ey(g(A))

According to formula (2) from Section 4:

(4) Vary(A) = i cortaey 20 (0 — Bp(A))?)dal f(7)dn.

In the following we investigate the relationship between the indicators Vary(A)
and Var}(A).

Proposition 5.1 Var}(A4) = %fol [a2(7) + a3(y) + ar(y)a2 (V)] f (v)dy + EJ%(A)

Proof. We start from formula (4). One notices that
a az(7)—Ef(A)3—(a1(v)—E;(A))3
faf((,?))(x_Ef(A))gd:E _ (a2(n)—Ef(A4)) 3( 1(M)—E¢(A)) .
Then (4) becomes )
(5) Vary(4) = 3 Jy wn)f()dy
where
w(v) = (a1(y) = Ef(A))*+ (a2(7) = Ef(A))? + (a1 (7) — B (A))(az(v) — Ef(A)).
A simple calculation shows that
(6)w(y) = lai(7) + a3(7) + ar(v)az(7)] — 3E(A)[ar(7) + az(v)] + 3EF(A)
From formula (1) Section 4 we have

Jola () + as(Mf (7)dry = 2E5(A).

10



At the same time, from the definition of the weighting function, fol f(y)dy =1.
Then, from relations (5) and (6) we deduce that

1 ZCLT;:(A = %fol[a%(7)+a%(7)+a1(V)ag('y)]f(y)dy—%Ef fo a1(y)+as (V)] f(7)dy+
§3Ef(A)

= Jyla

Hw ||

(7) + a1 (m)az(Nf (V)dy — EF(A). B

Proposition 5.2 Varj(A4) = 4Varg(A) — E]%(A) + fol ax(y)az(y) f(v)dy

Proof. af(y) +a3(7) + a1(v)az(y) = [a1(y) — a2(7)]* + 3a1(v)az(v).
Then, by applying Proposition 5.1 one obtains

Varj(4) = 3 [yla(7) - am Fdy + 3 Jy ax(Maz()f ()dy — EF(A).
But, according to ( fo a1(v) — a2(7))? f(v)dy = 12Vars(A), therefore
Vari(A) = %12Va7“f(A 3 fo a1(y)az(7)f(7)dy — E3(A)

= AVarp(A) — EXA) + [y a1(v)az() f(7)d(7). B

Remark 5.3 According to (2) and (4) we have Vary(A) > 0 and Var}(A) > 0.

Corollary 5.4 E;(A) <4Vary(A) + fol ax(y)az () f(v)dy

Proof. By Proposition 5.1 and Remark 5.3. il

6 Risk aversion through fuzzy numbers

In this section we propose a possibilistic approach to some fundamental concepts
of risk aversion. Some notions and results of probability theory of risk aversion
are translated into a possibilistic framework.

By using the possibilistic expected value Ef(A) introduced in the previous
section, we shall define the notion of possibilistic risk premium associated with
a fuzzy number, a utility function and a weighting function. This concept is a
measure of the risk aversion in situations when the measures subject to risk are
modelled by fuzzy numbers.

Arrow [1] and Pratt [21] have established a formula which expresses the prob-
abilistic risk premium depending on the probabilistic version and of a coefficient
of absolute risk aversion. We prove a formula which evaluates the possibilistic risk
premium in terms of the possibilistic variance Var}(A) and of a coefficient (=the

11



possibilistic coefficient of absolute risk aversion). This formula certifies that in
the study of the possibilistic risk aversion, it is indicated to use the possibilistic
variance Var}(A) and not the indicator Vars(A).

In this section there is also defined a second risk indicator called the relative risk
premium . For this, there is found a calculation formula depending on Var} (A4),
E¢(A) and on a coefficient of risk aversion.

The proofs of the results of this section are based especially on Proposition
4.1.

We expose first some ideas from the probabilistic risk theory, by following
the presentation of [17], Chapter 2 (Measuring Risk Aversion and Risk), but in a
slightly modified form.

The framework of the probabilistic risk aversion is assured by a utility function
and a random variable. The utility function expresses the attitude of an agent. In
this probabilistic setting the risk premium is defined as a measure of the risk aver-
sion of the agent w.r.t. the uncertain situation described by the random variable.
1 Now we shall formalize these ideas.

Let Q be a set of states endowed with a probability space (€, K, P) where
K is the o—algebra on ) and P is a probability defined on K. The sets of K
represent the events, and the function P : K — [0, 1] evaluates the probability
of these events. Assume X : 2 — R is a random variable and u : R — R a
continuous function (=utility function). Then u(X) = uo X is a random variable
and F(u(X)) will denote the expected value of w(X). If X has a density function
f:R — R then

(1) B(u(X)) = [+ u(x) f(x)da

Following [17] , p. 15, the risk premium px (associated with the random
variable X and the utility function u) is defined by the identity

(2) B(u(X)) = u(B(X) - px)-

In interpretation, the risk premium is ”the maximum amount by which the
agent is willing to decrease the expected return from the lottery ticket to have a
sure return” ([17], p. 19).

Proposition 6.1 (/17], p. 21) Assume that u is twice differentiable, strictly con-

cave and increasing. Then

W (E(X
(3) px j _%U_%( u’((E((X))))

where 0% s the variance of X.

The Arrow—Pratt index (=the coefficient of absolute risk aversion) associated
with a utility function u is introduced by the equality

ro(z) = —Iu”,((z)) for all z € R.

!Usually, we can consider that the random variable represents a lottery.

12



Proposition 6.1 shows that the risk premium px can be expressed in terms
of the Arrow—Pratt index and of two probabilistic indicators (expected value and
variance). Thus the Arrow—Pratt index can be viewed as a measure of the risk
aversion of the agent represented by the utility function w.

Starting from these ideas we shall define a notion of possibilistic risk premium.

The context in which we shall define and study this concept will have three
components: a weighting function, a fuzzy number (representing a possibilistic
distribution) and a utility function (representing an agent).

We fix a weighting function f.

Let A be a fuzzy number and v : R — R be a continuous function. Recall
from the previous section the formula

(4) Er(u(A) = [y (orrtersy Jo2) u(@)da) £ ()dy.

Definition 6.2 The possibilistic risk premium pa = pa,fu (associated with the
fuzzy number A, the weighting function f and the utility function u is defined by

(5) w(Ef(A) = pa) = Ep(u(A)).

The above definition has been obtained starting from equality (2): the random
variable X is replaced with the fuzzy number A and the. probabilistic mean
value E(X) will be replaced with the possibilistic mean value E¢(A). Then the
interpretation of equality (5) is analogous to (2); the difference between them
consists in the way the terms of the two equalities are evaluated: in (2) by the
probabilistic mean value E(.), while in (5) by the possibilistic mean value E(.).

Then the possibilistic risk premium is defined so that the possibilistic expected
utility of a gamble equals the utility of the gamble’s possibilistic expected value
minus its possibilistic risk premium.

The use of the probabilistic risk premium or of the possibilistic risk premium
will depend on the classification of the risk situation in a probabilistic model or in
a possibilistic model.

Usually we can impose some conditions on the utility function u, from which
its injectivity follows (e. g. conditions from Propositions 6.3). In the presence of
such conditions, from (5) it follows that the possibilistic risk premium p is unique
with respect to A and wu.

The following result is a possibilistic version of Proposition 6.1.

Proposition 6.3 Assume that u is twice differentiable, strictly concave and in-

creasing. Then the possibilistic risk premium pa has the form:
v\ (Ef(A
(6) pa = ~4Vary(A) Y

Proof. The condition that u is twice differentiable allows us to write, according
to the Taylor formula of the second degree:
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u’ (Er(A

u(e) = u(By(A) +/ (Ef(A)(x - Ey(4)) + = (@ - By (4))7 + Ry ().

Ignoring the error term Ry(z) we have:

u(w) = u(Ep(A) + /(B (A))(x — Bp(A) + “E D (0 — By(4))2,

Let us consider the continuous functions ¢ : R — R and A : R — R defined
by

g(x) =z — E¢(A), h(z) = (x — E¢(A))?, for any = € R.

If we denote a = u(Ef(A)), b = u/(Ef(A)) and ¢ = ju’(Ef(A)), then u =
a + bg + ch. By Proposition 4.1 we get

Ep(u(A)) = a+bEf(g(A)) + cEf(h(A)).

We remark that E¢(h(A)) = Vari(A). According to formula (2) of Section 4

we obtain )
D) = Jo loeray Jo2) (@ — By(A))dal f(y)dy =
1 az(y
=Jo [7@(7)1&1(7) fal((w) wdz]f(y )d’Y—

az(v)
Ef f() aa( ) () f 12(,)/7 dl‘ d")/ =
= Jo 20520 f(y)dy — By(A) = Ef(A) — Ef(4) =0.
Therefore we get the following equality:
(7) By (u(4)) = u(E;(4)) + "DV arj(4).
According to condition (5) and retammg from the Taylor formula for u(E¢(A)—
p4)) only the first two terms, we have:
(8) Ef(u(A)) = u(Ef(A) — pa) = u(Ef(A)) — v/ (Ef(A))pa.
From (7) and (8) it follows:

__1 «( A\ U (Er(A))

(9) PA = *§VCLTf(A) ’(Ef( DE [

We notice the similitude between the expression (3) of px and the form (9) of
pa: if in (3) we replace 0% with Var}(A) and E(X) with Ef(A) then we obtain
(9).

By analogy with the probabilistic case ([17], p. 21), we shall define the possi-
bilistic coefficient of absolute risk assessment at the level of wealth E¢(A) by:

(10) ra(Ef(A)) = — 54

rqo(E¢(A)) is called the possibilistic Arrow—Pratt coefficient of risk aversion .

It is an indicator which measures the risk aversion of an agent (represented by
its utility function u) with respect to an uncertain situation described by a fuzzy
number A.

Besides the risk premium px associated with a random variable X in [17] p. 22
there is introduced another probabilistic risk indicator: the relative risk premium
px defined by the equality:

(11) B(u(X)) = u(B(X)(1 - px)).

This leads to the following possibilistic concept:
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Definition 6.4 The possibilistic relative risk premium pa = pa s (associated
with the fuzzy number A, the weighting function f and the utility function ) is
defined by:

(12) Ey(u(A)) = u(Ef(A)(1 = pa))-

Proposition 6.5 Assume that u is twice differentiable, strictly concave and in-

creasing. Then the possibilistic relative risk premium pa has the form:
. N w (B (A
(13) pa = —%Varf(A)Ef(A)%.

Proof. According to relation (7) from the proof of Proposition 6.3 we have
u (Es(A %

Eyp(u(A)) = u(Ep(4)) + “EEAyar(4).

According to (12) and retaining from the Taylor formula for u(E¢(A)—Ef(A)p)
only the first two terms, one obtains:

Ej(u(A)) = u(Ef(A) — Ef(A)p)

= u(Ef(A)) = u'(Ef(A))Ef(A)pa.

By equalling the two expressions of E¢(u(A)) it follows (13).

We notice that Proposition 4.1 is the main instrument in the proofs of Propo-
sitions 6.3 and 6.5.

The possibilistic coefficient of relative risk aversion at the level of wealth Ef(A)
is defined by .

r(By(A)) = ~By(A) iz iy

According to Propositions 6.3 and 6.5 from above, in the expression of p4 and
pA appears the possibilistic variance Var}(A). Due to Proposition 5.2, p4 and pa
can be expressed by means of Vary(A) too.

7 An example
In this section we will compute the possibilistic risk premium p4 and the possi-

bilistic relative risk premium p4 for the case of trapezoidal fuzzy numbers.
Let us consider a triangular fuzzy number A = (a,b, «, ).

1—at jf a—a<t<a

1 if a<t<b

WA= 1260 4 bt s
0 otherwise

Recall that [A]Y = [a — (1 — ¥)a, b+ (1 — ~)0] for all v € [0, 1], hence

(2) a1(y) =a— (1 —y)a; az(y) = b+ (1 —7)0.

We assume that f(y) = 2v for any v € [0,1]. Thus by formula (1) of Section
4 and formula (3) of Section 5:

15



(3) By(d) = 25t + 22
b— b— 2
(4) Vars(A) = ( 3) _|_ ( a)l(gaﬁ-ﬁ) + (a-;zﬂ)
A s1mp1e calculatlon shows that
foal Nf(y )d’y—ab+aﬁ bo‘f%.
By taking mto account (3), (4) and (5 ( ), Proposition 5.2 leads us to the following
formula for the calculation of the possibilistic variance Var}(A):

Vary(A) = 4Varp(A) = EH(A) + [j a1(y)az(7)f (7)dvy
—_a)2 _ 2 2
_ (blg) 4+ O a)1(804+,3) 4 ;65 )
If u is a utility function which verifies the conditions of Proposition 6.3, then

the possibilistic risk premlum pa will have the following form:
b— b— 2432 P(Ef(A
(6) pa = 2[( 1;) 4 ( a)(a-i—ﬁ) 4 (@ ?:Eﬁ )]Z'((E;((A))))v
where Ef(A) = 242 + ﬁ%.
According to Proposition 6.5, the possibilistic relative risk premium p4 will be
given by

~ a)? a a &} Ey(A
(7) PA:_2[(b12) +(b )1(8a+6)+(a?:%ﬁ)][+b+6 ]%

Depending on the form of the utility function we have various expressions of
pa and pa. If we consider u(x) = —e~2% then u verifies the conditions required in
Proposition 6.3. One notices that

Z,((;)) = —2 for each z € R,

therefore in thQis case ps and P, \g]ﬂlzhave the form:

(8) pa = (bzg) + (b*a)(SaJrﬁ) 4 o ?:%ﬁ ) o

(9) pa = [a+b 4 8= oz”(blg) 4+ (= a)(a+ﬂ) 4+ la +5 )]

Now we shall con51der the particular case of a trlangular fuzzy number A =

(a,a, 3). Then by (3) and (4) we have
By(4) =a+ %52
Vary(A) = 7('1?26)
and the strong possibilistic variance Var}(A) becomes:
Vari(A4) = O‘2;'652.
Then, according to (6) and (7), pa and pa gets the form:

212w (B
pA__E[ ;%B] u”(Er(A))

, w(Ep(A)) )
pa = -3 o+ 552 Q]W
In case when u(x) = —e?* we obtain:
. a2+ﬁ2

. _ 2., 32
pa = la+ 25 )
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8 Possibilistic Pratt theorem

We have seen in the previous section that the notion of possibilistic risk premium
is a measure of risk aversion of an agent (represented by the utility function u)
faced with an uncertain situation (described by a fuzzy number).

If there exist two agents (represented by the utility functions u1, uz) we pose the
question of comparing their risk aversions faced with the same uncertain situation.

In case of the probabilistic risk, the problem was answered by a known theorem
of Pratt ([21]).

In this section we shall prove a Pratt—type theorem [21] for the possibilistic risk
aversion associated with a fuzzy number, a utility function and a weighting function
(see [14]). By combining this result with the Pratt theorem for the possibilistic risk
one reaches a surprising result: the aversion to the probabilistic risk is equivalent
with the aversion to the possibilistic risk.

In the following we shall assume that the utility function verifies the properties
of Proposition 6.3. We recall that the Arrow—Pratt index associated with the utility
function w is defined by

ru(x) = —Zl,l(j)) for each = € R.

Let wuj, ug be two utility functions. Let us denote by r1(z) = 7y, (z) and
ro(x) = ry, () the Arrow—Pratt indices of u; and wus.

Let B be the Y—algebra of the Borelian subsets of R.

Theorem 8.1 [21] The following assertions are equivalent:
(1) ri(x) > ro(x) for each x € R;
(2) uy ouy ' is concave;
(3) px .y = PXuy for any random variable X with respect to (R,B).

Remark 8.2 Suppose that agents 1 and 2 are represented by the utility functions
w1 and uy. By taking into account the interpretation of the probabilistic risk pre-
mium, condition (3) of Theorem 8.1 means that the agent 1 is more risk—prone
than the agent 2, with respect to any random variable X. In this case we shall de-
note U1 =probab U2 iff the Arrow—Pratt index of uy is bigger than the Arrow-Pratt
index of us. It follows that the Arrow—Pratt index is a measure of the probabilistic
risk aversion.

The following result is the possibilistic aversion of the Pratt theorem:

Theorem 8.3 Let uy, uz be two utility functions and r1 = ry,, T2 = Ty, be the
Arrow—Pratt indices of uy and ug. The following assertions are equivalent:

(1) m(z) < ro(z), for any z € R;

(2) wouy?t is concave;
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(8) For all fuzzy numbers A and weighting functions f, we have
PAfaur Z PA,fuz-

Proof. (1) < (2) By Pratt’s theorem:
(2) = (3) Let p; = pa, fu;» @ = 1,2. According to Definition 6.2
u1(Ef(A) — p1) = Ep(u1(A))
ua(By(4) = p2) = Er(ua(4)).
By applying to these equalities the inverses ul_l, Uy L of u; and us one deduces:
p1 = E(A) - Ui(Ef(M(A))
— By(4) — uy (B (us(4)
By subtracting these two inequalities one obtains:
(2) p1 — p2 = uy (Ef(us(A)) — uy ' (Ef(u1(A)).
Since u1 o u, - is concave, by applying Corollary 4.5 we have:
By(ur(4)) = Ey((u1 0 u3") (us(A)) < (ur 0 u3") (Ey(ua(4)).
But ufl is increasing, therefore:
up (B (u1(A))) < upt((ur o uz=1)(Ey(u2(A))) = uy ' (Bf(uz(A))).
By taking into account (a) and the preceding inequality, it follows p; > pa.
(3) = (1) Let x € R. We consider a fuzzy number A and a weighting function
such that x = F¢(A). According to Proposition 6.3 we have:
PA fan = 3V ar(A)ri(z)
PA, fus = %Var;‘c(A)rg(x)
Since Var}(A) > 0 and pa,fu, = pa,fu, it follows ri(z) > ra(z). [ |

The proof of the previous theorem uses the possibilistic Jensen’s inequality
(Corollary 4.5) and the fact that the possibilistic risk premium is expressed ac-
cording to the Arrow—Pratt index (Proposition 6.3).

Theorems 8.1 and 8.3 have in common the equivalent conditions (1) and (2).
Then by combining Theorems 8.1 and 8.3 we obtain:

Theorem 8.4 Let uj,ugs be two utility functions and 1 = 7y, T2 = Ty, the
Arrow—Pratt indices of u1 and uy. The following assertions are equivalent:

(1) ri(x) > ro(x), for any x € R;

(2) uy ouy ' is concave;

(8) For any random variable X with respect to (R,B), pxu, > pPXus;

(4) For all fuzzy numbers A and weighting functions f, we have:

PA,fur = PA,fus-

If condition (4) of Theorem 8.4 holds, then we denote w1 > possip u2 and we will
say that the agent represented by u; is more risk—prone to the possibilistic risk
than the agent represented by ws.
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Remark 8.5 The equivalence (3) < (4) of Theorem 8.4 gets the form:
UL Zprobab U2 iff u > possib U2-

The significance of this equivalence is remarkable: the probabilistic risk aver-
sion is equivalent with the possibilistic risk aversion.

Remark 8.6 =, 5pap and =possip are two preference relations defined on the set
of utility functions. Remark 8.5 says that the restrictions to =propap and = possip t0
the set of utility functions which verify the conditions of Proposition 6.3 coincide.

An open problem is if the equivalence of Remark 8.5 still holds when instead
of fuzzy numbers we consider another class of possibilistic distributions.

9 Concluding remarks

The main idea of this paper is to treat the risk aversion by using possibilistic
theory instead of probability theory. Concretely, instead of a random variable
we consider a possibilistic distribution, and instead of probabilistic indicators we
consider possibilistic indicators.

Based on these possibilistic indicators one proposes a possibilistic model of risk
aversion.

The main contributions of this paper are:

-the introduction of the notions of possibilistic risk premium and possibilistic
relative risk premium, as measures for the risk aversion of an agent represented by
the utility function;

-the proof of some formulae for the calculation of the possibilistic risk premium
and of the possibilistic relative risk premium, by using the possibilistic expected
value and a new indicator which is a version of the possibilistic variance.

-the proof of a possibilistic version of Pratt theorem.

This paper could be the starting point in the elaboration of a possibilistic
theory of risk aversion. We mention some topics whose treatment could be tried
in this context.

(1) An important problem in risk theory is that of comparing the riskiness
distributions (see [22], p. 21). Among numerous contributions, we mention the
paper [23] in which Rothschild and Stiglitz prove the equivalence of a number
of possible definitions of ”increasing risk”. The replacement of various types of
”stochastic dominance” with appropriate concepts of ”possibilistic dominance”,
the comparison and the application of the latter in the analysis of risk phenomena
is an open problem. For example, we could try to obtain some possibilistic versions
of the results of Rothschild and Stiglitz from [23].
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(2) Another open problem would be to find some notions of generalized pos-
sibilistic risk premium which should express the risk aversion of an agent faced
with a situation with several risk parameters (expressed by a possibilistic vector
(Ai,...,A,) where each A; is a fuzzy number). Such a notion would find applica-
bility in evaluating the risk aversion in grid computing [7]. If the functioning of a
grid composed by n nodes is described by a possibilistic vector (41, ..., A;,), then
the risk aversion would be evaluated by the generalized possibilistic risk premium.

(3) The enlargement of the framework in the development of the possibilistic
risk is another important problem. The replacement of the fuzzy numbers with
another class of possibilistic distributions imposes the normalization of the notions
of mean value and variance. The use of the definitions from [6], [9], [16], [18], etc.
leads to another theory of risk aversion. The value of such a theory is appreciated
by means of mathematical results which could be obtained and by its validation
in real situations.

The change of the framework can be done also by considering other types of
utility functions. Fuzzy utility functions can be one of the candidates to replace
the usual utility functions. Among numerous papers which study fuzzy utility
functions, we mention only Billot’s paper [2].
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